An analysis is presented to estimate the perturbation of morphology-dependent optical resonances (MDRs) of spherical dielectric cavities due to acceleration. In the model, the optical cavity is attached to a rigid base that is accelerating. Hertz contact theory is used to describe the contact surface between the base and the sphere, and the Navier equation is solved to obtain an expression for MDR shift dependence on the base acceleration. An experiment is also carried out using a polydimethylsiloxane sphere as the optical cavity. The predictions using the analysis agree well with the experimental results.
INTRODUCTION
High optical quality factor cavities such as spheres, disks, and cylinders have been used in several areas, including microlasers [1, 2] and optical communication [3] [4] [5] [6] exploiting the strong dependence of the optical modes on the cavity morphology. A number of morphology-dependent-resonance-(MDR)-based measurement techniques have also been proposed for biological applications [7, 8] and mechanical sensing that include temperature [9] , force [10, 11] , pressure [12] , and wall shear stress [13] . Recently, an MDR-based polymeric electric field sensor was also demonstrated [14] . In the present, the effect of acceleration on such MDR-based optical devices is investigated. The deformation of a spherical microcavity due to acceleration may lead to sufficient perturbation of the optical modes, interfering with its intended operation. Conversely, the MDR shifts due to acceleration may be exploited for the measurement of vibration or acceleration. The analysis indicates that MDRs of silica and polymethyl methacrylate (PMMA) spheres are largely unaffected by vibrations in realistic environments due to the small sphere deformations. For large base-to-curing ratio polydimethylsiloxane (PDMS) spheres, on the other hand, vibrations could cause detectable shifts in the MDR.
ANALYSIS
We consider a solid dielectric sphere of radius R in contact with a rigid base as shown in Fig. 1(a) . The base is moving in the z direction with acceleration, a. To interrogate the optical modes, light from a tunable laser is coupled to the sphere tangentially (for example, using an optical fiber [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] ). Light travels along the interior surface of the sphere on the equatorial plane, normal to z. The acceleration of the base perturbs the sphere's morphology, causing a shift in its optical modes. In particular, the acceleration deforms the sphere and induces mechanical stress causing a shift in the resonance wavelength [11, 12] ; ðΔλ=λÞ ¼ ðΔR=RÞ þ ðΔn=nÞ (λ is the vacuum resonance wavelength; n is the refractive index). For this geometry, the relative change in the refractive index due to mechanical stress is negligible; ΔR=R ≫ Δn=n [11] . Thus, the MDR shift can be estimated by determining the deformation of the sphere at r ¼ R and ϑ ¼ π=2.
The deformation of a solid is governed by the Navier equation:
Hereũ and€ u are the displacement and acceleration of a point within the solid. G is the shear modulus, ν is the Poisson ratio, and ρ is the density. We look for a quasi-static solution for Eq.
(1) where€ u is time-invariant. With symmetry, the boundary conditions for Fig. 1 are
where σ rr and σ rϑ are the normal and shearing component of stress, respectively, and the angle ϑ 0 defines the extent of the contact between the surface and the sphere, as shown in Fig. 1(b) . We note that the deformation due to the sphere's weight will not be affected by the surface (base) acceleration, a. Therefore, the body force term due to gravity can be neglected. Further, we assume the acceleration within the sphere to be uniform, and hence€ u ¼ã. With this, the equation of motion becomes
The complete solution to Eq. (3) can be obtained by combining the homogenous solution with a particular solution to match the boundary conditions. If the term (−ρã) can be represented by a gradient of a function χ, then a particular solution of the above equation can be expressed in the form
where the function φ is a solution to the following Poisson equation [15] :
A solution to the above equation can be obtained if the function χ is a harmonic function written as χ ¼ W n r n P n ðcos ϑÞ, where W n are constants and P n is the Legendre polynomial. For the present problem, the solution to the Poisson equation is a biharmonic function written as φ ¼ V n r 2 ðr n P n ðcos ϑÞÞ, where V n are also constants. For the present problem shown in Fig. 1 , the function χ can be written as [16] 
where a is the acceleration magnitude. Using this expression, the solution to Eq. (5) can be written as φ ¼ V 1 r 3 P 1 ðcos ϑÞ. Plugging this in Eq. (4), the vector displacement corresponding to the particular solution is obtained asũ ¼ V 1 ∇ðr 3 P 1 ðcos ϑÞÞ. We note that the radial component of the displacement contains the term P 1 , which is zero when evaluated at ϑ ¼ π=2. Therefore, the particular solution will not contribute to the radial displacement at ϑ ¼ π=2. Thus, the radial displacement at ϑ ¼ π=2 is given by the homogenous solution as [15] 
Coefficients A and B are obtained by satisfying the boundary conditions given in Eq. (2). The pressure distribution, p, at the sphere-base contact area is given by Hertz contact theory [17] as pðϑÞ ¼
is the radius of contact area as shown in Fig. 1(b) and F ¼ −4ρaR 3 =3. In order to satisfy the boundary condition, we expand the pressure term as Legendre Fourier series; σ rr ðRÞ ¼ P n H n P n ðcos ϑÞ. Using the same method as in Ref. [11] , the relative change in the radius of the sphere and hence the MDR shift can be represented as
EXPERIMENTAL SETUP AND RESULTS
The optical setup was similar to that reported in Ref. [10] . The MDRs of a PDMS (n ≈ 1:42) sphere were excited by tangentially coupling light from a tunable distributed feedback diode laser (Fujitsu Model FLD3F7CX) using a single-mode optical fiber (FIS product no. SMF 28e) with refractive index of n ≈ 1:47. The laser was current-tuned over a range of about 0:1 nm (with a central frequency of λ ≈ 1:312 μm) to excite several MDRs with optical quality factor Q ¼ λ=δλ ≈ 10 6 . The resonances were observed in the transmission spectrum through the fiber. To facilitate coupling of light between the fiber and the sphere, an approach similar to that described in Ref. [18] was used. A section of about 10 mm length of the fiber was tapered to a diameter of ∼10 μm by heating and then stretching it. The tapered fiber was then bent 180 deg with a radius of ∼2 mm. The sphere was brought in contact with the tapered section of fiber as shown in Fig. 2 . The transmission spectrum is digitized using 16 bit analog-to-digital converter, and the MDR positions are determined using in-house software. A personal computer controls the frequency tuning of the laser and the data acquisition. An experiment was carried out to determine extent of Δλ in a 900 μm diameter PDMS sphere that was subjected to a periodic acceleration. The base-to-curing agent of the PDMS sphere was 40∶1. The sphere and a commercial accelerometer were both placed on a piezo actuator. The piezo actuator acts as the base and is driven by a function generator (Fig.  2) . Figure 3 shows the variation of MDR shifts with time along with the output of the accelerometer. The piezo actuator is driven at the frequency f ¼ 170 Hz. The figure also shows the MDR shifts estimated by Eq. (8) (solid curve), using the accelerometer data in the figure. The agreement between the experimental and theoretically predicted MDR shifts is strong. Table 1 presents the acceleration sensitivity estimates, Δλ=a, of 900 μm diameter dielectric spheres of various materials using the above analysis.
CONCLUSION
Based on the comparison of the experimental results with the analysis, the Hertz-contact-theory-based model predicts well the MDR perturbations in spheres due to acceleration. For silica and PMMA spheres, the acceleration sensitivities are small and are unlikely to be affected by vibration in realistic environments. For example, for a laser wavelength of 1:3 μm, an acceleration of the order of 10 3 g would be required to perturb the resonance of a ∼1 mm diameter sphere by one observed linewidth (with Q ¼ 10 7 ). On the other hand, for a 40∶1 base-to-curing ratio PDMS sphere of the same size, an acceleration of 4 × 10 −3 g would be sufficient to shift the WGM by one observed linewidth. By using soft sphere materials such as high base-to-curing agent ratio PDMS, MDRs may be used for acceleration detection. 
